series of sufficient conditions are obtained for the bounded oscillation of second-order delay difference equations of unstable type A*x,, = 2 pl(n)x,_k,.
I~TROD~~TIO~
then every bounded solution of (1.1) oscillates.
In this paper, we will establish a series of bounded oscillation criteria for (1.1) and (1.2) by comparison of (1.1) or (1.2) with a related second-order self-adjoint difference equation and firstorder delay difference equations.
Of them, some are sharp and improve condition (1.3).
As is customary, a solution {z,} of (1.1) or (1.2) is said to be eventually positive if 2, > 0 for all large 72, and eventually negative if z, < 0 for all large n. It is said to be oscillatory if it is neither eventually positive nor eventually negative.
COMPARISON THEOREMS
To obtain the first theorem in this section, we need the following lemma. This implies that (~~(1 f X)-n} is nondecreasing. Since X, --t 0, Axe, have zn --t 0 as n w x. Thus , Z~ < 0 for n > N, i.e., Axn + XX~ 5 0. for n 2 N.
The proof is complete.
The next two theorems are the main results in this section. By (2.7), the decreasing nature of {z,}, and the identity 1 +2~+3z*++..+k&~ -
we have for n 2 NO,
which together with (2.7) implies that 4, < 0, Au, ~0, and A*u, > 0, 1% 2 No.
Dlext, we will prove that for large n, By induction, one can easily show that
where
It is not difficult to verify that 2 0 < x0 < x1 < x2 < x3 < '. . < -k+2 and 2 lim Xj = -. j-m k+2
In view of (2.14) and (2.15), there exists a positive integer N such that
Hence, it follows from (2.12) and (2.13) that 
OSCILLATION CRITERIA FOR EQUATION (1.1)
Iu this section, we give some sufficient conditions for bounded oscillation and nonoscillation of equation (1.1) by employing Theorems 2.1 and 2.2, and existing oscillation criteria for equations (2.2) and (2.25). In view of Lemma 3 in [ll], (3.3) implies that every solution of (2.2) oscillates. Hence, by Theorem 2.1. every bounded solution of (1.1) also oscillates.
(ii) Let In view of (3.4) and (3.5), it is easy to show that (1.1) has a bounded eventually positive solution.
From Theorem 3.1, we have the following corollary. 
It foHows that
Taking the limit superior as n ---t M in the above inequality, we obtain which contradicts (3.10) and so the proof is complete.
REMARK 3.1. Clearly, both (3.9) and (3.10) improve condition (1.3). where k = max (kl, k2,, . . , k,) . Define a set A as follows:
(4.7) It is easy to see that 2/(k -t-2)e E A, i.e.! A is nonempty. We shall show that A is bounded above. In fact, it follows from (4.2) and (4.5) that TJren elery bounded solution of (1.2) oscillates.
PROOF.
If not, there is a bounded nonoscillatory solution {zCn} of (1.2), which, without loss of generality, we can assume to be eventually positive. It is easy to show that there exists a positive integer N such that (4.2) holds. Summing (1.2) from n > N to co, we obtain m k.
Axn+x c PnfjZn-k,+j I 0. u 2 N.
(4.12)
I=1 J=o
This shows that (4.12) has an eventually positive solution. But, in view of Corollary 4 in [7] , (4.11) implies that (4.12) has no eventually positive solutions. This contradiction complete the proof.
Similar to the proof of Theorem 3.4, we can prove the following. Assume that k, linisup 2 C(j + l)pi(?Z +j) > 1. n-33
i=i J=o
